Introduction
All groups considered in this paper are finite. Terminology and notation employed agree with standard usage, as in Robinson [15] .
In this paper, we let M(G) be the set of all maximal subgroups of a group G. An interesting problem in group theory is to study the influence of the elements of M(G) on the structure of G. A classical result in this orientation is attributed to Srinivasan [19] . Srinivasan obtained that G is supersolvable provided that every member of M(G) is normal in G. This result has been extensively generalized.
Two subgroups H and K of a group G are said to be permutable if HK = KH. H is said to be s-permutable in G if H permutes with every Sylow subgroup of G, i.e., HP = P H for any Sylow subgroup P of G. This concept was introduced by O. H. Kegel in [9] and has been studied widely by many authors, such as [5, 17] . Recently, Ballester-Bolinches and Pedraza-Aquilera [3] generalized s-permutable subgroups to s-permutably embedded subgroups. H is said to be s-permutably embedded in G provided every Sylow subgroup of H is a Sylow subgroup of some s-permutable subgroup of G. On the other hand, Wang [22] introduced the concept of c-normal subgroups. Applying the c-normality of subgroups, Wang obtained new criteria for supersolvability of groups. More recently, Skiba [19] introduced the concept of weakly s-permutable subgroups. H is called a weakly s-permutable subgroup of G if there exists a subnormal subgroup T of G such that G = HT and H ∩ T H sG the subgroup of H generated by all those subgroups of H which are s-permutable in G. Weakly s-permutability covers both s-permutability and c-normality. Skiba applied weakly s-permutability to unify viewpoint for a series of similar problems. Let P be a Sylow p-subgroup of G. Many authors have studied the influence of the members of M d (P ) (see the Definition 2.1) on the structure of G, such as [8, 12, 16, 18] . Now, in this paper we continue these work. Speaking more precisely, the structure of a finite group under some assumptions on the s-permutably embedded or weakly s-permutable subgroups in M d (P ), for each prime p, is studied and obtain some sufficient conditions for a p-supersolvable group or a p-nilpotent group. Since |M(P )| = (p d − 1)/(p − 1), |M d (P )| = d and when d → ∞,
Preliminaries
Hence |M(P )| >> |M d (P )|. (1) If U H G, then U is weakly s-permutable in H; (2) If N U , then U/N is weakly s-permutable in G/N ;
(3) Let π be a set of primes, U a π -subgroup and N a π-subgroup. Then U N/N is weakly s-permutable in G/N ;
G and N is a normal subgroup of G. Then we have the following:
(1) If H K, then H is an s-permutably embedded subgroup of K.
(2) HN/N is an s-permutably embedded subgroup of G/N . 4, 9, 17] ).
(2) If both H and K are s-permutable subgroups of G, then both H ∩ K and < H, K > are s-permutable in G.
( (
-For a nilpotent subgroup H of G, the following two statements are equivalent:
(1) H is s-permutable in G.
(2) The Sylow subgroups of H are s-permutable in G.
). -Let P be a Sylow p-subgroup of G, and P 1 a maximal subgroup of P . Then the following two statements are equivalent:
(1) P 1 is normal in G.
Main Results
Proof. -Assume G is not p-nilpotent and let the theorem is false and G a counter-example of minimal order. We write M d (P ) = {P 1 , · · · , P d } . Then, each P i is either weakly s-permutable or s-permutably embedded in G. Without loss of generality, suppose that 1 k d such that (i) every
Now we prove the theorem by the following several steps.
(2) (P i ) sG G and the quotient group G/(P i ) sG is p-nilpotent for every i ∈ {1, 2, · · · , k}.
Since P i P , by Lemma 2.9 we have P
Therefore, |K i /(P i ) sG | p = |G : P i | p = |P : P i | = p, i.e., the factor group K i /(P i ) sG possesses a cyclic Sylow subgroup of order p. By Lemma 2.5, we have that
It follows from Lemma 2.10 that H/(P i ) sG is a normal p-complement of G/(P i ) sG . Consequently, G/(P i ) sG is p-nilpotent, as desired.
(3) For every j ∈ {k + 1, k + 2, · · · , d}, the factor group G/(M j ) G is p-nilpotent. By the definition of an s-permutably embedded subgroup, P j is a Sylow psubgroup of the s-permutable subgroup M j of G. It follows that M j /(M j ) G is s-permutable in G/(M j ) G and M j /(M j ) G is nilpotent by Lemma 2.11. Hence, we may apply Lemma 2.12 to see that every
We have N G. Now, we can obtain that N is p-nilpotent. Consider the subgroup P ∩ N . Recall that P j ∈ Syl p ((M j ) G ) and P j is a maximal subgroup of P . We have
Thus P ∩ N Φ(P ) and N P N . It is easy to see that N is p-nilpotent by Lemma 2.6.
(5) N Φ(G). We know that N possesses a normal Hall p -subgroup U such that N = N p U , where N p ∈ Syl p (N ). Then U is normal in G and U O p (G) = 1, so U = 1. Therefore, N is a normal p-subgroup of G. Now, N P ∩ N Φ(P ). We see that N Φ(G) by Lemma 2.7.
(6) The final contradiction.
By (2) and (3), Proof. -By Theorem 3.1, it is easy to see that the theorem holds when p = 2. Assume that the theorem is false and let G be a counter-example of minimal order. By the hypotheses of the theorem, denote M d (P ) = {P 1 , P 2 , · · · , P d }. Then, each P i is either weakly s-permutable or s-permutably embedded in G. (2) If P H < G, then H is p-nilpotent.
Since N H (P ) N G (P ), we have that N H (P ) is p-nilpotent. By Lemmas 2.2 and 2.3, H satisfies the hypotheses of the theorem. By the choice of G, H is p-nilpotent, as desired.
(
Since G is not p-nilpotent, by a result of Thompson [21, Corollary] , there exists a non-trivial characteristic subgroup T of P such that N G (T ) is not p-nilpotent. Choose T such that the order of T is as large as possible. Since N G (P ) is pnilpotent, we have N G (K) is p-nilpotent for any characteristic subgroup K of P satisfying T < K P . Now, T char P N G (P ), which gives T N G (P ). So N G (P ) N G (T ). By (2), we have that N G (T ) = G and T = O p (G). Now, applying the result of Thompson again, we have that G/O p (G) is p-nilpotent and therefore G is p-solvable. Then for any q ∈ π(G) with q = p, there exists a Sylow q-subgroup of Q such that P Q is a subgroup of G [6,Theorem 6.3.5]. If P Q < G, then P Q is p-nilpotent by (2), contrary to the choice of G. Therefore, P Q = G, as desired.
(4) Every minimal normal subgroup of G contained in O p (G) is of order p.
As O p (G) = 1, we get that O p (G) > 1. Let N be a minimal normal subgroup of G contained in O p (G). If N Φ(P ), by Lemma 2.7, then N Φ(G), and G/N satisfies the hypotheses of the theorem. By the choice of G,
, we can assume N P 1 without loss of generality. By the conditions of the theorem, P 1 is weakly s-permutable in G or s-permutably embedded in G. We claim that |N | = p.
(i) We first consider the case that P 1 is weakly s-permutable in G. Then there exists K 1 G such that G = P 1 K 1 and P 1 ∩ K 1 (P 1 ) sG . Since P 1 P , by Lemma 2.9 we have P N G (P 1 ) N G ((P 1 ) sG ), that is, (P 1 ) sG is normalized by P . Clearly, (P 1 ) sG is a s-permutable p-group and so O p (G) N G ((P 1 ) sG ) by Lemma 2.4. Now we can get that (P 1 ) sG P O p (G) = G. Then (P 1 ) sG ∩ N = 1 or N . If (P 1 ) sG ∩ N = N , then N (P 1 ) sG P 1 , a contradiction. So we have that (P 1 ) sG ∩ N = 1, then P 1 ∩ K 1 ∩ N = 1. From the minimal normality of N , we know that (K 1 ) G ∩ N = 1 or N . If (K 1 ) G ∩ N = 1, then
where G/(K 1 ) G is a p-group since all Sylow q-subgroups of G is contained in K 1 by Lemma 2.10. Thus we have that |N | = p. If (K 1 ) G ∩ N = 1, we get that N (K 1 ) G K 1 . Then 1 = P 1 ∩ K 1 ∩ N = P 1 ∩ N and so N P 1 = P . We also get |N | = p.
(ii) Next, we consider that case that P 1 is s-permutably embedded in G. If P 1 is s-permutably embedded in G, then there exists an s-permutable subgroup H such that P 1 ∈ Syl p (H). Hence, HQ is a subgroup of G. Since N G, we have that N 1 = N ∩ HQ HQ. It follows that N 1 HQ, N = G. Moreover, by the minimality normality of N , we get that N 1 = 1 and so |N | = p. Now, we know that N ∩ P 1 = 1. By [7, I, 17.4] , there exists a subgroup M of G such that G = N M and N ∩ M = 1. Certainly, N Φ(G). From Lemma 2.8, we conclude
where R i (i = 1, · · · , t) is a normal subgroup of order p. It follows that
Furthermore, according to [15, Theorem 9 .31] and (3), we have that C G (O p (G)) O p (G) and so P = O p (G). Thus G = N G (P ). Now, by the hypotheses that N G (P ) is p-nilpotent, we conclude that G is p-nilpotent. This is the final contradiction and the proof is complete. Proof. -Assume that the theorem is false and let G be a counter-example of minimal order. We write M d (P ) = {P 1 , · · · , P d } . Then, each P i is either weakly s-permutable or s-permutably embedded in G.
With an argument similar to that above, (1) holds.
(2) Φ(P ) G = 1, in particular, Φ(O p (G)) = 1. Otherwise, then let N = Φ(P ) G > 1. We consider the factor group G/N . Obviously, M d (P/N ) = {P 1 /N, · · · , P d /N }. By Lemmas 2.2 and 2.3, P i /N is either weakly s-permutable or s-permutably embedded in G/N for any i ∈ {1, · · · , d}. Therefore, G/N satisfies the hypotheses of the theorem and consequently, G/N is p-supersolvable by the minimality of G. Since N Φ(P ), N Φ(G) by Lemma 2.7, it follows from G/N being p-supersolvable that G is p-supersolvable, which is contrary to the choice of G.
(3) Every minimal normal subgroup of G contained in O p (G) is of order p.
As O p (G) = 1, we get that O p (G) > 1. Let N be a minimal normal subgroup of G contained in O p (G). If N Φ(P ), by Lemma 2.7, then N Φ(G), and G/N satisfies the hypotheses of the theorem. By the choice of G, G/N is p-supersolvable. Since the class of p-supersolvable groups is a saturated formation, we have G is psupersolvable, a contradiction. Thus N Φ(P ). Since d i=1 P i = Φ(P ), where P i ∈ M d (P ), we can assume N P 1 without loss of generality. By the conditions of the theorem, P 1 is weakly s-permutable in G or s-permutably embedded in G. We claim that |N | = p.
(i) We first consider the case that P 1 is weakly s-permutable in G. Then there exists K 1 G such that G = P 1 K 1 and P 1 ∩ K 1 (P 1 ) sG . Since P 1 P , by Lemma 2.9 we have P N G (P 1 ) N G ((P 1 ) sG ), that is, (P 1 ) sG is normalized by P . Clearly, (P 1 ) sG is a s-permutable p-group and so O p (G) N G ((P 1 ) sG ) by Lemma 2.4. Now we can get that (P 1 ) sG P O p (G) = G. Then (P 1 ) sG ∩ N = 1 or N . If (P 1 ) sG ∩ N = N , then N (P 1 ) sG P 1 , a contradiction. So we have that (P 1 ) sG ∩ N = 1, then P 1 ∩ K 1 ∩ N = 1. We consider (K 1 ) G ∩ N . By the minimality of N , we know that (K 1 ) G ∩ N = 1 or N . If (K 1 ) G ∩ N = 1, then
(ii) Next, we consider the case that P 1 is s-permutably embedded in G. If P 1 is s-permutably embedded in G, then there exists an s-permutable subgroup H such that P 1 ∈ Syl p (H). Hence, HQ is a subgroup of G. Since N G, we have that N 1 = N ∩ HQ HQ. It follows that N 1 HQ, N = G. Moreover, by the minimality normality of N , we get that N 1 = 1 and so |N | = p.
Therefore, N ∩ P 1 = 1. By [7, I, 17.4] , there exists a subgroup M of G such that G = N M and N ∩ M = 1. Certainly, N Φ(G). Now, we can use Lemma 2.8 to derive that O p (G) is a direct product of normal subgroups of G of order p.
(4) The counter-example does not exist.
Since G/C G (R i ) is a cyclic group of order p − 1, certainly
is 
